Abstract. Linear stability analysis is applied to the system consisting of a horizontal layer which contains conducting fluid, effected by vertical non-linear magnetic field and solute from below, the fluid with uniform heating from above in case and heating from below in another case. Flow in a fluid layer is assumed to be governed by Navier-Stokes equation. From the numerical solutions obtained via using the method of expansion of Chebyshev polynomials, it was found that there were stationary instability only. Furthermore, we found that there was no effect of a non-linear relationship between the magnetic field and the magnetic induction in the tow cases.
Introduction
Thermal instability theory has attracted considerable interest and has been recognized as a problem of fundamental importance in many fields of fluid dynamics.
The earliest experiments to demonstrate the onset of thermal instability in fluids, are those of Benard (1900 Benard ( ,1901 ). Benard worked with very thin layers of an incompressible viscous fluid, standing on leveled metallic plate maintained at a constant temperature. The upper surface was usually free and being in contact with the air was at a lower temperature. In his experiments Benard deduced that a certain critical adverse temperature gradient must be exceeded before instability can set in. Rayleigh (1916) provided a theoretical basis for Benard's experimental results. He showed that the numerical value of the non-dimensional parameter. Jeffrey's (1930) showed that the onset of thermal instability criterion derived for incompressible fluids could be used for compressible fluids under some certain conditions on the adverse temperature gradient. Benard convection in the context of magneto hydrodynamic fluid has been examined by Thompson (1951) and Chandrasekhar (1952) with a linear constitutive relationship between the magnetic field and the magnetic induction Nield (1968) considered the onset of salt-finger convection in a porous layer. Taunton et al. (1972) considered the thermohaline instability and salt-fingers in a porous medium and solved the boundary value problem. Sun (1973) was the first to consider such a problem, and he used a shooting method to solve the linear stability equations. The results show that the critical Raleigh number in the porous layer decreases continuously as the thickness of the fluid layer is increased. Nield (1977) formulated the problem with surface-tension effects at a deformable upper surface include and obtained asymptotic solution for small wave numbers for a constant heat-flux boundary condition. Sun (1973) and Nield (1977) used Darcy's law in formulating the equations for porous layer. In Darcy's low of motion in porous mediums, the Darcy resistance term took the place of the Navier-Stokes viscose term while in modified Darcy's law ( Brinkman model ) that suggested by Brinkman (1947) the Navier-Stokes viscous term still exists. Chandrasekhar (1981) considered typical problems in hydrodynamic and hydro magnetic stability in his treatise. Somerton and Catton (1982) have different formulation of the problem from Sun (1973) and Nield (1977) by inclusion Brinkman term in Darcy equation for the porous layer and solved the problem using Galerkin method. Hilles (1983) , Maples and Poirier (1984) discussed the stability of the boundary value problem of a thermo dynamical consistent model, the directional solidification of molten alloys as a layer of porous material of variable permeability which is separated from its melt by a mush zone of dendrites. Glicksman (1986) described the interaction between the solidifying alloy and its melt by a doubly diffusive model. Chen and Chen (1988) considered the multi-layer problem when the above layer is heated and salted from above, and solution of problem is obtained using a shooting method. Abdullah (1991) discussed the Benard convection in a non-linear magnetic field under the influence of vertical and non-vertical magnetic field for different boundary conditions . Lindsay and Ogden (1992) worked in the implementation of spectral methods resistant to the generation of spurious Eigenvalues. Lamb (1994) used expansion of Chebyshev polynomials investigate an Eigenvalue problem arising from a model discussing the instability of the earth's core. Bukhari (1996) studied the effects of surface-tension in a layer of conducting fluid with imposed magnetic field and obtained results when deformable and non-deformable free surface and he solved by using Chebyshev spectral method, and he obtained some different results from that of Chen and Chen (1988) . Straughan (2001) studied the thermal convection in fluid layer overlying a porous layer and he considered when the problem of lower layer heated from below and surface tension driven on the free top boundary of upper layer. Also, in (2002) he dealt with the same problem, considering the ratio depth of the relative layer also, investigated the effect of the variation of relevant fluid and porous material properties. applied the linear stability analysis in the system consisting of a horizontal fluid layer overlying a layer of a porous medium affected a vertical magnetic field on both layers. The same author (2003) applied the spectral Chebyshev polynomial method to obtain numerically the solution of a multi-layer system consisting of the finger convection onset in a fluid layer overlying a porous layer, and he studied the boundary value problem when the thermal Rayleigh number and the critical salt Rayleigh number for porous layer are increasing due to heating and salting the lower of porous layer . In this paper we studies convective instabilities in a horizontal fluid layer effected by vertical non-liner magnetic field and solute . The linear stability equations will be solved using expansion of Chebyshev polynomials. This method is better suited to the solution of hydrodynamic stability problems than expansions in other sets of orthogonal polynomials. Lanczos (1938) is the first presented of this method. This method have used and developed to solve ordinary differential equations by Fox(1962) , Fox and Parker (1968) , Orszag (1971a Orszag ( , 1971b ). Chaves and Ortiz (1968) applied it to a second order Eigenvalue problem with polynomial coefficients. Hassanien and El.Hawary (1989) studied Chebyshev solution of laminar boundary layer flow. Bukhari (1996) has used this method to solve multilayer region. Hassanien et. al. (1996) studied axisymmetric stagnation flow on a cylinder using series expansions of Chebyshev polynomials. Recently, Matoog and Bukhari (2008) used this method to study the Marangoni convections in a horizontal fluid layer in the presence of uniform vertical magnetic field and solute. The method possesses good convergence characteristics and effectively exhibits exponential convergence rather than finite power convergence. Also Matoog and Bukhari (2010) used this method to study Benard-Marangoni convection in a horizontal fluid layer with the effect of uniform vertical magnetic field and solute and Matoog (2010) study the effect of a vertical magnetic field and solute on the Marangoni convection in a horizontal porous layer. The method possesses good convergence characteristics and effectively exhibits exponential convergence rather than finite power convergence.
Mathematical Formulation
We consider an incompressible, Navir-Stokes occupies the horizontal layer 0 ≤ x 3 ≤ d . The fluid layer containing two diffusing components, such as heat and solute, and are subject to constant gravitational acceleration and a vertical non -linear magnetic field. The fluid motion is constrained by a rigid lower boundary maintained at constant temperature T 0 and solutal S 0 . The upper free boundary whose temperature T u and solutal S u are maintained by the radiative transfer of heat into an impinging passive inviscid fluid at constant temperature T ∞ and constant pressure P ∞ . convection is driven by temperature dependence of the fluid density and soluting , and damped by viscosity . The Oberbeck -Boussineq approximation is used as the density of fluid is constant everywhere except in the body force term where the density is linearly proportional to temperature and solute concentration
where T denote the Kelvin temperature of the fluid, S is the solute concentration, ρ 0 is density of the fluid at T 0 and S 0 , α (constant) be the thermal coefficient of volume expansion of the fluid and α (constant) be the soluting coefficient of volume expansion of the fluid. Surface tension effects at the upper surface are allowed for, where the surface tension τ is dependent on temperature T and solute S according to the simple linear law
Where τ 0 is constant of the surface tension ,γ is rate of change of surface tension with temperature and γ is rate of change of surface tension with solute . Let V , H, B, J, and E be respectively the solenoidal velocity of the fluid, the magnetic field , the magnetic induction , the current density and the electric field . Hence
H,B,J, and E connected by the relations
Where φ = is the magnetic susceptibility , ξ = ξ(ρ, B) is the internal energy function and σ is the electrical conductivity . Now the Maxwell equations are
where the displacement current has been neglected in the second of these Maxwell equations which is customary in situation when free charge is instantaneously dispersed . By substituting from (5) , (6) , (8) into (7) we obtain
where η = 1 4πσ
is the electrical resistivity. Equation (9) is now reworked using standard vector identities to yield in sequence
The relations (5) , (6) , (7) and (8) can be used to recast the Lorentz force
So the governing equations of the fluid layer are.
(
Where P =
is the modified pressure, V is the velocity,M is the mass diffusivity,v = µ ρ 0 is the kinematic viscosity, k is the thermal conductivity,µ is the dynamic viscosity.
Boundary Conditions
For the upper boundary the boundary conditions come from following sources (i) General radiation conditions the heat and solute transfer
Where L and C constants.
(ii) Material surface
At the lower boundary x 3 = 0 we have
At equilibrium case
where β , β denotes temperature gradient and concentration gradient respectively and are determined from the thermal and solute boundary conditions at x 3 = d ,the thermal and solute conditions at x 3 = 0 being satisfied trivially. In the equilibrium temperature profile in (22) and the conditions (16), (17) thus lead
where N u , N u S are the Nusselt numbers such that
the Nusselt numbers N u and N u S may take values between 0 and ∞ . N u → 0 corresponds to an insulating boundary, while N u → ∞ corresponds to an conducting boundary, also N u S → 0 corresponds to an impermeable boundary, whereas N u S → ∞ to a permeable boundary.
The Perturbed Equation
Suppose that the equilibrium solution be perturbed by following linear perturbation quantities
then we may verify that the linearized version of equations (12) , (13) , (14) and (15) are
Non -dimensionlisation
To simplify the analysis we introduce non -dimensional variables .
Non -dimensionalising the equations and boundary conditions give rise to nine non -dimensional groups P r , P m , Q, Le, ε, Ra and Ra s denote the viscous Prandtl number, magnetic Prandtl number, Chandrasekhar number, Lewis number, magnetic number, thermal Rayleigh number and solute Rayleigh number where
And M a, M a s denote the thermal Marangoni number and solute Marangoni number where
Linearization of equations
The Linearized of equations is obtained by ignoring all products, the powers more than first and by dropping hat the superscript (ˆ) the resulting
1 Le
where ω is the normal axial velocity components , ∇ 2 is the 3-D Laplacian , ∆ 2 is the 2-D Laplacian and
+1 when heating from below, −1 when heating from above,
when soluting from below, −1 when soluting from above.
Now we look for solution of the form
Thus the equation of fluid layer become
Where a = √ p 2 + q 2 is non-dimensional wave number, σ is growth rates. Hence the boundary conditions on x 3 = 1 are
The lower boundary on x 3 = 0, become
Results and discussion
The Eigenvalue problem consists of a ten ordinary differential equations of first order with ten boundary conditions. This problem is solved using method based on series expansion of Chebyshev polynomials. In this paper we will discuss the numerical results through two cases, the first case when the heat effected from above while the solute concentration effected from below, the second case when the heat and the solute concentration effected from below. In both case the values and numbers which are required to solve this problem are (1) When thermal Nusselt number N u increases thermal Rayleigh number Ra increases which means that the fluid become more stable when the free surface conducts as shown in figure (7). (2) If the free surface is permeable for the solute that leads to increase instability of the fluid as shown in figure (8) .
(3) It is clear from figure (9) as Chandrasekhar number increases thermal Rayleigh number increases which means that the presence of magnetic field makes the fluid more stable. (4) The increase of thermal Marangoni number has un stabilizing effect on the system as displayed in figure (10) .Also the increase of solute Marangoni number has un stabilizing effect on the system as display in figure(11) . (5) The increase of solute Rayleigh number has stabilizing effect on the system as shown in figure(12) . 
